Limit-Computable Grains of Truth for
Arbitrary Computable Extensive-Form (Un)Known
Games

Cole Wyeth!, Marcus Hutter??, Jan Leike*, and Jessica Taylor®

David R. Cheriton School of Computer Science, University of
Waterloo
2Google DeepMind
3School of Computing, Australian National University
4 Anthropic
"Median Group

September 11, 2024

Abstract

A Bayesian agent acting in a multi-agent environment learns to predict the
other agents’ policies if its prior assigns positive probability to them (in other
words, its prior contains a grain of truth). Finding a reasonably large class of
policies that contains the Bayes-optimal policies with respect to this class is
known as the grain of truth problem. Only small classes are known to have a
grain of truth and the literature contains several related impossibility results.
In this paper we present a formal and general solution to the full grain of truth
problem: we construct a class of policies that contains all computable policies
as well as Bayes-optimal policies for every lower semicomputable prior over the
class. When the environment is a known repeated stage game, we show conver-
gence in the sense of [KL93a] and [KL93b]. When the environment is unknown,
Bayes-optimal agents may fail to act optimally even asymptotically. However,
agents based on Thompson sampling converge to play e-Nash equilibria in ar-
bitrary unknown computable multi-agent environments. Finally, we include an
application to self-predictive policies that avoid planning. While these results
are purely theoretical, we show that they can be computationally approximated
arbitrarily closely.



1 Introduction

We will consider the behavior of Bayesian players engaged in infinite games. This is
a core problem of game theory, but because of reflective difficulties the first rich class
of solutions grounded in rigorous decision theory has only recently been proposed
[LTF16]. According to the standards of rational behavior derived by von Neumann
and Morgenstern |[NMR44], players should act to maximize their expected utility.
This requires each individual subject among the players to maintain and update beliefs
about all other players’ strategies, which presumably depend on their reasoning about
the subject’s strategy. This well studied infinite recursion gives rise to the grain of
truth problem [KL93a]: how can one construct a consistent set of beliefs for each
player such that they all assign nonzero probability to each others’ Bayes-optimal
strategies? This problem is known to be difficult, with many impossibility results
(e.g. [Nac97; Nac05; FYO01]).

Solution overview. Using the recently invented concept of a “reflective oracle”
[FTC15| one can construct priors that overcome this difficulty and are even limit-
computable. Intuitively, reflective oracles allow algorithms to make predictions about
their own behavior, which would normally be impossible because of diagonalization.
We will introduce reflective oracles and show how they can be used to construct a class
of probability measures PZ; in Section |4l In Section |5 we show that when strategies
are chosen in PY%, each player’s “subjective environment” is reflective-oracle com-
putable and they have an optimal policy in P%; (Theorem and Theorem .
This allows us to construct an interesting reflective-oracle computable Nash equilib-
rium in Theorem [I9 To model players’ uncertainty about the strategies they face
we construct a dominant “mixture” policy ¢ € PY in Section [7] Theorem , which
is the final step to establish the grain of truth property classes in our strict sense.
This allows us to satisfy the conditions of |[KL93a|, proving that Bayesian players
with beliefs supported on P%, will converge to an e-Nash equilibrum in an infinitely
repeated stage game; this is a particularly surprising result because mixed strategy
Nash equilbria arise naturally despite the fact that Bayesians are not a priori re-
quired to randomize. Finally, we address the general case that players do not know
either the game or their opponents’ strategies, but only know the classes the game
and strategy are drawn from. We establish a grain of truth property for this case
showing that Thompson sampling versions of the Bayes-optimal strategies are in the
strategy class, so are assigned non-zero probability. This allows us to use single-agent
asymptotic optimality results for Thompson sampling in an unknown environment to
prove convergence to a e-Nash equilibrium:

There is a class of limit-computable strategies satisfying the grain of
truth property with respect to any computable game, and it includes limat-
computable strategies that converge to a e-Nash equilibrium even when the
game s unknown.



A brief outline of the paper including dependencies between major theorems appears
below.

Contributions. We solve the long-standing grain of truth problem by introducing a
class of reflective-oracle computable strategies. This allows us to establish convergence
of Bayesian players to e-Nash equilibrium in known repeated games, followed by
convergence for Thompson sampling strategies on unknown games. The rigor and
elegance of proofs are improved over the conference version of this paper |[LTF16] by
extending reflective oracles to non-binary alphabets with “types” for distinct action
and percept spaces. We also include a novel application of the machinery developed
for the grain of truth problem to answer a question posed in [Cat+23|, constructing
a self-predictive agent with consistent beliefs about its own policy and suggesting a
direction for further research. All results are shown to be limit-computable.
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2 Mathematical Preliminaries

Notation. A* is the set of finite strings x over a finite set of alphabet symbols
a € A. We will use z; € A to denote the t'® element of such a string (indexing from
1) and x1,; = <, is the substring z12,...2; € A*; -, and x, are defined analogously.
The string zy is the concatenation of x and y. We bars |-| are overloaded, representing
length for strings, cardinality for sets, and absolute value for reals. While the index ¢
is reserved for “temporal” indexing such as elements of an ordered string or sequence,
we will reserve n for the number of players in a game and 1 < 7,7 < n for the
indices of (respectively current and other) players in the game. We will use 7 to
denote the set of probabilistic Turing machines with oracle access. We will use A
to represent a probability simplex; for example AA is a probability distribution on
A. For probability measures u, v we write “u is absolutely continuous w.r.t. v” as
p < v. The Iverson brackets [R] are 1 when R is true and 0 when R is false (they cast
booleans to integers). Further notation will be introduced as needed; see Appendix
for a complete list.
We will need the following computability levels from the arithmetic hierarchy.

Definition 1 (computability) A function f is

e (finitely) computable (or recursive) if it is computed by some Turing machine.



e estimable if there is a computable function ¢(x, k) such that Vk|f(z) —¢(x, k)| <
%. That is, f can be approximated to arbitrary pre-specified precision.

e lower semicomputable (l.s.c.) if there is a computable function ¢(z, k) mono-
tonically increasing in its second argument with limy_, ¢(z, k) = f(x). That
is, f can be approximated from below.

e limit-computable (or approximable) if there is a computable function ¢(x, k) —
f(x) for k — oo. That is, f can be approximated to arbitrary but unknown
precision.

An estimatable function is always ls.c.: If ¢ estimates f, then ¢'(z,k') :=
maxy< {¢(z, k) — £} lower semicomputes f(z). Estimable functions are often called
‘computable’ but we find it safer to not overload the term.

Definition 2 (semimeasure)
A semimeasure v is a function A* — R" satisfying v(xz) > > . v(za).

For our purposes semimeasures always assign probability 1 to the empty string e.
Because algorithms do not always halt, the objects of algorithmic probability are often
semimeasures with probability gaps arising from non-halting behavior. Semimeasures
are designed for sequence prediction and assign a (defective) probability to observing
a sequence starting with string x. Another viewpoint more in line with measure
theory is that x represents the cylinder set I',, including all infinite continuations of z.
It should be noted that there is not a standard well-defined extension of semimeasures
to arbitrary sets of infinite strings analogous to Carathéodory’s extension theorem for
measures. Constructing such an extension or proving its impossibility is an interesting
and apparently open problem [HQC24, Sec.2.8.2].

3 The Grain of Truth Problem

Problem statement. The grain of truth problem concerns a set of n players en-
gaged in a multi-player game o in some (countable) class of games G. Each player
believes that the other players’ strategies are drawn independently from a (countable)
policy class P. Then it is natural to ask whether under some choices of prior over
P, a Bayesian optimal strategy for each player is itself in P. In other words, we
are seeking conditions that make the players’ beliefs about each other “consistent”
and subjectively optimal. We can also view this as a single agent interacting with
an environment v which consists of game ¢ combined with the remaining agents (in
contrast to games, environments have only one “player”). If and only if (G,P) con-
tain a grain of truth in the above sense, the condition that the true environment is
1 € M is satisfied. Consider a multi-agent setup where n agents interact with
each other via a common environment in rounds. In game-theoretic parlance, player
1 follows some mixed strategy m; from some class of strategies P. The extensive-form
“game” o they are “playing” also includes observations and rewards to the agents,
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where the utility is the expected discounted reward sum. Conventionally a repeated
known game and Nash equilibria are considered. We deal with this case only as a
stepping stone to our much more general setting: Our main setting and results con-
sider one long extensive-form game which is only known to belong to a countable
class of games G, and essentially no structural assumptions are made on G. We also
do not assume that players play Nash equilibria. Player ¢ only assumes that the
others’ policies m; € P and that the game o € gﬂ From player ¢’s perspective, he
interacts with an environment o; that consists of game ¢ € G and a strategy profile
Tzi i= (W1, eees W1y Ti 1, -y ) € P™1 of the other players j # i. Player ¢ does not
know o and does not assume that 74, is a Nash strategy, so needs to infer both from
the experienced interaction history h.,. This setup is more realistic in that it allows
to model agents that learn from experience and do not assume any particular strategy
(e.g. Nash) of their “opponents” beyond being in P, and do not need to know the
game they are playing. This is the multi-agent version of the optimal history-based
reinforcement learning agent AIXI [Hut05; HQC24|, and it can model very general
problems. For instance, player ¢ may face sub-optimal or colluding or cooperative
opponents.

A Bayesian learner chooses Bayes-optimal actions w.r.t. the Bayes-mixture over
(0, 74) w.r.t. some prior w over G x P~ 1. If there is such a Bayes-optimal strategy in
P, we say that G, P satisfies the grain of truth property with respect to this choice of
prior. There are general theorems which show that (a Thompson-sampling version of)
the Bayes-optimal strategy 7 is asymptotically optimal in the sense that it converges
to the optimal (informed) agent who knows the environment (here o, 7;). This single-
agent view is asymmetric in that it singles out one (Bayes-optimal) agent i against
n — 1 agents from some class P. A symmetric treatment requires agent ¢ to consider
the possibility that the other agents j # i are also Bayes-optimal agents 7. This
consideration is formally satisfied iff (the Thompson sampling version of) 77 is itself
in P with a non-zero prior w(7;) > 0. We say that (P,G,w) contains a grain of truth
if this condition is satisfied. The grain of truth problem is the question of whether
there exist interesting classes (P, G) that contain a grain of truth.

As a special case, we construct an interesting policy class satisfying the conver-
gence conditions of [KL93a| in known infinitely repeated games. For these purposes,
we prove a weak form of the grain of truth property, formally:

Definition 3 (Grain of truth property) Given a class of policies=strategies P
and a class of games G, consider a vector of policies 7 = (my,...,m,) € P". Hold
out one player i and construct the environment o7 it is interacting with (the game
o together with the other players’ j # i strategies). Let player i’s beliefs about his
environment be described by the Bayesian mixture environment §;. Let 7, be the

In Section |§| the players’ belief distributions can be made in a sense even more general, taking
a mixture over a class of subjective environments that includes any combination of a game from G
and opponent strategies from P, but need not explicitly draw a distinction between an opponent
and any other part of the environment.



optimal response strategy. We say that (P, ) contains a grain of truth iff Vi, Vr,; €
P, Voeg, of < and m;, €P.

This is the property we will need to show convergence to e-Nash equilibrium
in a known game. The condition o?i; < & can be satisfied by choosing &; as an
explicit Bayesian mixture over G x P"~! with weights w;, in which case it makes sense
to say that (P,G,w) satisfies the grain of truth property, but this is not required
by Definition 3] For unknown games (G # {o}) we need a stronger property for
convergence:

Definition 4 (Strong grain of truth property) Given a class of poli-
cies=strategies P and a class of games G, let player ¢’s beliefs about his environment
be described by the Bayesian mixture & with weights w;(v) > 0 for v € M. Let
7. be the optimal response strategy. We say that (P,G) and specifically (P, G, w)
contains a strong grain of truth iff Vi, Vry € P, Vo € G, of € M and 77, € P.

In fact, we need the “Thompson sampling version” of Definition [ obtained by

replacing 7, by the Thompson sampling strategy mrs in the final condition. It is
clear that the strong grain of truth property is in fact stronger than the grain of truth
property; it implies not only absolute continuity but even bounded Radon-Nikodym
derivative doT /d&; < w;(oT)™t.
History of the grain of truth problem. Progress towards discovering rich strat-
egy and game classes satisfying the grain of truth property has been slow. After
[KL93a] introduced the grain of truth property in the context of infinitely repeated
games and independent strategies, along with a simple prisoner’s dilemma example,
many impossibility results were proven (|[Nac97; Nac05; F'Y01]). Much later, [FTC15]
introduced reflective oracles, laying the groundwork for a solution (but only consid-
ering stage games and not the grain of truth property). This work was extended to
sequential decision theory by [FST15], but [LTF16] (the conference version of this pa-
per) was the first to solve the grain of truth problem. However, Leike et al. focused on
convergence in unknown games which required Thompson sampling strategies instead
of the Bayesian strategies of [KL93a]. As a result they did not correctly formulate
or prove a solution to Kalai and Lehrer’s problem. We provide such a solution along
with more elegant and complete proofs of many of Leike et al.’s other results.

Strategies. We can model strategies as a family of measures for each sequence of
observations in a player’s information set. The probabilities of the first ¢ actions can
only depend on observations available before time ¢. This is sometimes referred to
as a “chronological contextual” measure [HQC24]. Typically, we will show that our
grain of truth classes P contain a “dominant” mixture policy ( € P such that V7 € P,
Jde € RT satisfying ¢ > crm. In that case, each player may express their belief that the
others choose some strategy in P by modeling their strategies as ¢ (this is essentially
Kuhn’s theorem |[Aum64]; see also |Ale]). In the case that each player has a different
action set it is necessary to generalize this problem by indexing the policy classes by
player as (Pi)lgign-



Reinforcement learning Game theory

stochastic policy mixed strategy
deterministic policy pure strategy

agent player

multi-agent environment infinite extensive-form game
reward payoff /utility

(finite) history history

infinite history path of play

Table 1: Terminology dictionary between reinforcement learning and game theory
from |[LTF16].

Multi-player games. Formally, a multi-player game is a chronological contextual
measure. Given a sequence of action vectors a; = (a},a?,...,a?') € A", a game o
assigns a probability to the sequence of perception vectors e; = (e}, e?,...,el') =
(ofrk, o?r?, ...,otr?) € £ including observations o! and rewards ri € [0,1]. This is
written o(e<||a<t).
Examples. Any Nash equilibrium of a game ¢ with strategy ; for each player i is
a trivial “solution” to the grain of truth problem with G = {o}, P; = {m;}, but this is
not very interesting for our purposes because it does not necessarily model learning.
A basic but non-trivial example is discussed [KL93a]; consider an infinitely re-
peated prisoner’s dilemma. In every time step the payoff matrix is as follows, where
C means cooperate and D means defect.

| C D
C|3/4,3/4 01
D| 1,0 1/4,1/4

Let the strategy class be P = {g: lienufoo} Where g; is a grim trigger strategy that
punishes defection by defecting indefinitely, but by default cooperates until time ¢ and
defects afterwards. It is fairly easy to see that regardless of a player’s prior belief w;
in each g;, once he or his opponent has defected, any strategy in P continues to defect
indefinitely, so he expects his opponent to certainly defect. The Bayes optimal (and
strictly dominant) strategy for him is therefore to defect from that point on, which
is itself a grim trigger strategy. Depending on his priors w;, he may also expect his
opponent to very likely defect at time t; < oo despite continued cooperation for ¢ < ¢,
in which case his optimal policy may be g;,—1. Not only does this (P,G) = (P,{c})
satisfy the strong grain of truth property, (P, G, w) satisfies the strong grain of truth
property for any choice of w; supported on {o™|r.; € P"'}. The catch is that G is
only a single (known) environment.

For a much larger (non)example, the class containing all strategies naively appears
to satisfy the grain of truth property, but in any nontrivial infinite game it is not




countable and certainly has no dominant strategy, so it is usually not possible to
define a useful prior over this class.

Action/perception encodings. The settings we will discuss restrict players and
games to be represented by probabilistic Turing machines, so that they accept the
interaction history on an input tape and stochastically produce an action or observa-
tion on the output tape. The symbolic representation of the history on these tapes
can become important. We require it to be uniquely decodeable into actions and
observations (for instance, by devoting a consistent number of symbols to each action
and observation). We will denote the representation of any object s as (s) and assume
that (aie!...alel) = (ai){e})...{al)(e!). The simplest “highly granular” representation
is to use a unique symbol for each e} € éﬂ and a unique symbol for each a! € A.
Conceptually these symbol sets should be disjoint, but it is always possible to de-
termine which is which by indexical position. By the compositionality properties of
Turing machines, if a player’s opponents have computable strategies and the game is
computable, we can construct a Turing machine to simulate both the opponents and
the game from his perspective; this forms a computable subjective environment.

Using the terminology introduced above, we can rephrase our main result as follows:

Theorem 5 (limit-computable convergence to equilibrium) There are limit-
computable (Thompson sampling) strategies 7y, ..., 7, such that for any computable
multi-player game o and for all ¢ > 0 and all i € {1,...,n} the o™m-probability that
the policy m; is an e-best response converges to 1 as ¢t — oo.

4 Reflective Oracles

Rational players can face an infinite regress in which each mutually reasons about the
other’s reasoning. For instance, if each player’s strategy is computed by a commonly
known Turing machine, it would seem to be rational to run the other players’ ma-
chines to predict their behavior and choose the utility maximizing response. When
the other players’ Turing machines halt, this is computable. Unfortunately, if all
players attempt this strategy there is mutual recursion as player 1 simulates player 2
simulating player 1 ad infinitumf®] Classically this interdependence of optimal strate-
gies is resolved by assuming players will choose a Nash equilibrium, but this is not a
Bayesian optimality notion because it is not clear why players should learn to play any
particular equilibrium strategy. To model the (subjective) uncertainty of Bayesian

2A perception can be encoded as a single symbol as long as the observation and reward can be
computably extracted.

3An amusing example of this behavior appears in William Goldman’s “The Princess Bride,”
when Vizzini attempts to determine which of two cups Westley poisoned by speculating about what
Westley will think Vizzini thinks about Westley. This is isomorphic to the game of matching pennies
described in Section



players, as well as intentionally randomized behavior strategies, we will use proba-
bilistic Turing machines (pTM’s). Formally, a probabilistic Turing Machine (pTM) is
a Turing Machine with access to both the ordinary input, output, and work tapes and
an additional infinite tape initialized with random bits. To cut through the infinite
regress and allow players to consistently reason about each others’ strategies, we will
allow all pTM’s access to the same “reflective” oracle. In this section we show how
pTM’s model probability distributions (such as behavior strategies) and introduce re-
flective oracles. Combining these two ideas to construct pTM’s with reflective oracle
access, we establish some basic computability properties that lay the foundations for
the rest of the paper.

Tape alphabet. For simplicity, we will begin with input and output tapes having
the same alphabet A, but the theory can easily be extended to include differing input
and output alphabets.

Sampling from a pTM. Probabilistic Turing machines are interpreted as comput-
ing conditional probabilities. For a pTM T, we define Ar(«|z) to be the probability
that on input x, T' produces the symbol « (and nothing else). Then we can define a

semimeasure
||

Ar() = [ [ Ar(adea) (1)

This is not in general a proper probability measure because there is some chance
that the pTM does not halt or produces an invalid output. Later, we will find an
interesting way to use reflective oracles to complete these semimeasures to probability
measures.

Oracle access. Oracle access means that the pTM’s can write a query on an or-
acle tape and enter a special state that queries the oracle, with the next transition
depending on the oracle’s output. We show in Appendix [E] Theorem [44] that for any
pTM T, Ay has Ls.c. conditionals. It is possible to invert this construction, and the
other direction (Theorem works even when machines have access to oracles. We
define A\ (a|z) as the probability that the oracle pTM T with access to O returns «
on input x. The semimeasure A\ is defined analogously to before. We will use the
symbol v to represent arbitrary semimeasures.

Theorem 6 (l.s.c. semimeasures vs pTM semimeasures)
A semimeasure v has l.s.c. conditionals iff there exists a pTM T such that v = A\p

Proof. sketch (detailed proof in Appendix @):

(<) That the conditionals of Ay are ls.c. is rather straight-forward from their con-
struction.

(=) Let ¢ (x, k) be computable and monotone increasing in k converging to v(a|z)
fora € A=1{1,...,d}. Consider a pTM T implementing the following procedure: Let



Ay (k) == po(x, k) — oz, k — 1) > 0 with ¢,(x,0) := 0. Then chop

successive intervals — I1(1),..., I4(1), I1(2),..., 14(2), [1(3), ...
of lengths  Aqy(1),..., Au(1), A1(2), ..., Au(2), Ay (3), ...

from interval [0; 1). All-together these intervals cover [0; Y v(a|z)) C [0;1). Let wi.o0
be uniform random bits. Let T output a if 3k : [0.wi; 0.wik +27F) C Up_, Ta(K).
For 0.w < )_ _ v(a|x), the condition can be tested effectively by running through k =
1,2, 3, ... while only finitely many &’ need to be checked. The procedure terminates in
finite time, since the interval on the Lh.s. shrinks to a point (0.w) for k& — oo, hence
eventually is contained in some [, (k"). This procedure outputs a with probability
v(a|z), since

Pl0w € U, Ta(k)] = [US, (W) = limps Sk, Ag() = limgs g, b)

For O.w > )" v(a|z) no k is found, and T runs forever with no output (which is
fine). |

O-sampled conditionals. Without O access, Theorem [6] shows that a semimea-
sure has l.s.c. conditionals iff it is sampled by a pTM. However, because the oracle
O may be probabilistic, it is not clear that the < direction still holds with oracle
access. Therefore, we will avoid Leike et al.’s [LTF16] potentially misleading termi-
nology “l.s.c. with oracle access” for these semimeasures. Instead, we will say that a
semimeasure p has O-sampled conditionals (or “is O-sampled” for brevity) if there is
a pTM T such that u(alz) = A\¢(a|z) for a € A.

O-estimable conditionals. Following the convention set by “O-sampled” condi-
tionals, we will use the term “O-estimable” conditionals to refer to semimeasures that
have conditional probabilities estimable with O access. When it is clear from context
we will drop the word “conditionals.”

Formalizing oracles. For our purposes, oracles always answer queries with 0 or 1
(which can be interpreted as false or true). Because they are allowed to (indepen-
dently) randomize their answers on queries, an oracle’s behavior is specified by its
probability of answering 1. This means we can treat oracles as functions to the unit
interval.

Definition 7 (reflective oracle) An oracle O : T x A* x (QN[0,1]) x A — [0,1]
is called reflective iff for each pTM T and string = € ¥*, 3{qa}aca satisfying the

following properties:
Z Qo = 1 (2>

acA

And for all « € A and p € Q,

M(alz) < g <1 A2(B|x)
BF#a

10
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Oun(T,z,p) =1 for p<qa
Ou(T,z,p) =0 for p>q,

This is the same as Definition [32| restated to take advantage of our A notation.
We will often abbreviate “reflective oracle” as rO.

We will reserve the notation O, (T, z,p) — 0 (respectively 1) for the event that
reflective oracle O, called on the query (T, z, p) yields response 0 (respectively 1). This
occurs with probability O, (T, x, p) by definition, so “calling” O, (T, x, p) is equivalent
to invoking flip(O4 (T, z, p)) where flip(p) is a function that returns 1 with probability
p and 0 with probability 1 — p.

Because of equation (2)), ¢, can be viewed as a conditional probability assignment
for each symbol a € A. When \? is a measure, the query (7, x,p) can be viewed
as asking the question “is (case 0) p > A2(a|z) or (case 1) p < A2(a|x)?” then O’s
answers are consistent with ¢, = A?; always 1 when p < ¢, and 0 when p > g,
but allowed to randomize when p = ¢, exactly. This randomization means that ¢,
cannot be determined exactly and avoids diagonalization. When A2 is only a defective
semimeasure, its conditionals do not sum to 1 so cannot satisfy equation (2)), which
means that ¢, # A% (a|z); however the definition requires at least g, > A\ (a|r). This
means that O “redistributes” the non-halting probability mass of T¢ and completes
A2 to a measure. The requirement ¢, < 1 — Y bta A2(B|x) is actually redundant
because it follows from ¢, > A?(a|z) and Y 4 g. = 1. The existence of reflective
oracles on non-binary alphabets is proven in Appendix [B]

Fallenstein et. al. originally defined reflective oracles for a binary alphabet in an
analogous way |[F'TC15]. Leike [LTF16| used a more general definition which allowed
O to randomize arbitrarily in the entire range A?(alz) to 1 -3, ta (B ]:l;)ﬂ When
it is necessary to distinguish between the two cases we will call reflective oracles
satisfying Fallenstein et. al.’s and our stricter definition “step reflective oracles.”

Let A2 be the completion of A? by a reflective oracle O, with AP(a|z) = ¢$ 7.,
where qu’z = (¢, as defined in Definition . This is a properly normalized proba-
bility measure by equation (2)). Note that A is a function of O and T (producing a
measure). The completion (bar) is not applied as an operator to A\, because many
different pTM’s may produce the same semimeasure which can be completed in dif-
ferent ways. For example when T does not make oracle calls and AY = A\ is defective
(say, 0 everywhere) it can be completed arbitrarily with appropriate choice of rO as
mentioned in Appendix

Theorem 8 (properties of S\g) For any pTM T, A9 is an O-estimable probability
measure. In particular, there is an oracle pTM By estimating A\$ that is computably
constructable from T

4This definition is only specified for the binary case and is not easy to directly extend to the
non-binary case. It is possible that Leike adopted the more general definition to simplify his proof
of limit-computability.
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Proof. Given any reflective oracle O, for each pTM T, and string x there are particular
(clearly unique) values qgﬂx satisfying the above requirements for ¢,. There is a
pTM Br with O access that conducts a binary search for qg’T’x by using queries to
O to determine whether each p is above or below qu’m. This process may behave
stochastically if qOO[’TVT itself is ever a query, but the limit is always correct. Since the
range of possible values for qo?,T,a: halves with each query, it is O-estimable. [ |

Notably, our procedure for estimating A? does not involve simulating 7" as in the
procedure to l.s.c. Ay (which does not work with oracle access), but only uses the
description of T' to run the binary search Bp. This is related to AY only because
reflectivity of O leads to A9 > A$.

Reflective Oracles and Diagonalization. Let T' € T be a probabilistic Tur-
ing machine with a two symbol output alphabet A = {«,} that outputs f if
Ou(T,e,1/2) — 1 and « if O,(T,€,1/2) — 0. (T can know its own source code
by quining [Kle52, Thm. 27]). In other words, T queries the oracle about whether
it is more likely to output o or not, and then does whichever the oracle says is less
likely. In this case we can use an oracle O, (T, €,1/2) := 1/2 (answer 0 or 1 with equal
probability), which implies A2(ale) = A2(8]€) = 1/2, so the conditions of Definition 7]
are satisfied. In fact, for this machine 7" we must have O,(T,¢,1/2) = 1/2 for all
reflective oracles O.

Theorem 9 (pTM for AQ) For any reflective oracle O, all O-estimable semimea-
sures are O-sampled. In particular, for any pTM T, AY is O-sampled.

Proof. Any estimable function is also l.s.c. since the lower bound of the estimate can
be used as the approximation from below. This means that the sampling algorithm
(Algorithm [7)) can be used to sample from any O-estimable probability measure (in
this case halting with probability 1). Therefore, A, is also O-sampled; assuming that
pTM S implements the sampling algorithm and accepts its argument ¢, in the form
of a pTM encoding, and that the binary search pTM Bp returns the low end of its
interval estimates, A2 = )\g( By ]

More succinctly, “O-estimable conditionals” implies “O-sampled conditionals”.
The converse does not hold because a semimeasure is not necessarily equal to its
completion, but the converse does hold for probability measures. See Appendix [D|for
proofs using Leike et al.’s definition.

Lemma 10 (all estimable measures O-sampled) For any (joint) estimable mea-
sure v there exists one pTM T such that v = A\ regardless of the choice of reflective
oracle O.

Proof. This theorem is a stronger version of Theorem [J] that applies when v is es-
timable without oracle access, but requires only v(x) to be estimable, not the con-
ditional v(-|z). Let T sample its output « from an estimate of v(zxa))/v(x). This is
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estimable except when v(x) = 0, so for v(x) # 0, A2 (a|r) = v(a|z). When v(x) = 0,
T may never halt and O completes A?(:|x) in some arbitrary way. This only affects
conditionals for strings that already have probability 0 so the product defining \$
still assigns all continuations probability 0 and A\Y = v. [ |

The original construction of O in [F'TC15] involved a non-constructive fixed-point
argument implicitly invoking a continuous “hierarchy” of oracles. It looked like that
A2 may not even be expressible within the arithmetic hierarchy. Surprisingly, we
can choose O so that AQ is limit-computable (without requiring O access, instead
limit-computing O) by the following result:

Theorem 11 (a limit-computable reflective oracle [LTF16, Thm.6])
There is a limit-computable (binary alphabet) reflective oracle.

We show in Theorem 43| that there are also limit-computable non-binary alphabet
reflective oracles.

5 Multi-Player Games

Now we are ready to formally define multi-player games and strategies. We will show
how multi-player games give rise to a subjective environment for each player. We
refer to Bayes-optimal strategies in a subjective environment as Bayesian strategies
in the associated multi-player game. Next we use the computability results established
in Section {4| to introduce reflective-oracle computable strategies and show they are
effectively enumerable, which prepares us to describe players’ beliefs with Bayesian
mixture strategies. Together these results allow us to describe Bayesian players who
believe that strategies are rO-computable.

5.1 Definitions

We define multi-player games following |[LTF16, Sec.7.3]: In a multi-player game,
n players take sequential actions from A independently and in parallel. In step ¢,
the game receives a vector of actions a; € A™ where action a; € A corresponds to
player i. The history of actions including a; determines a stochastic “move by nature”
containing an n percept vector e; € £" where player i only sees ¢! € £. Players can
only see their own actions (though of course the percept might include the other
players’ actions in some games). As before, ¢! = olr! where 7! € [0, 1] is a reward.
Formally,

Definition 12 (multi-player game) A multi-player game is a function

o (A" x EM) x A" — A(EM)
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Figure 1: Agents 7y, ..., m, interacting in a multi-player game.

The interaction of the player strategies 7 = (my, 7o, ..., m,) with the multi-player
game o induces a history distribution ¢™ = ¢™ where

o"(e) =1
0" (e14) = 0" (Rcar)o(er@asar)
o™ (ecay) = Uﬂ(%<t)HWi(ai|o{ei<t)

i=1
Because players choose their actions simultaneously, the action distributions at
time ¢ are independent conditional on the action observations history e, :=
aietabel...al el |, so we take a product. The history distribution for player 7 is
the history distribution ¢™ marginalized over the actions and observations of the
other players:

of (l,) = Z o™ (<)
L j#i
The subjective environment o;(ef|ee’,a}) = o7 (e’ ,a;) for single player/agent i is
actually independent of m; (see Appendix , though it does depend on ; for j # i.
Therefore we will sometimes use o] to refer to the subjective environment. In

the single agent-environment setting [Hut05] o; corresponds to the true environment
which we write as € M and no superscripts .

Definition 13 (environment) An environment g is a chronological action-
contextual measure. Equivalently, u can be specified by its conditional probabilities
w(-lhaiay) € AE given every history hoy = aje;...a;_1e;,1 that it assigns a nonzero
probability.
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5.2 Strategies

Definition 14 (reflective-oracle computable strategies) Given a reflective or-
acle O for action space A and pTM’s with alphabet ¥ = A| | éﬂ so that O's second
argument is in ¥* and O is indexed by A, we say that strategy = is reflective-oracle
computable (equivalently O-sampled or O-estimable) iff for some oracle pTM T,
Vas; € A7 and ey € €71 and a € A we have 7(alees;) = M (ale<). We will
abbreviate reflective-oracle computable as “rO-computable” and refer to this class of

strategies as PYy.

Enumerability of P2,. Note that equivalence holds by Theorem [§ and Theo-

rem |§] because all strategies are assumed to be (chronological, observation contextual,
proper) probability measures, because all Section [4f theorems immediately generalize
to allow input strings over X. The class of rO-computable strategies is effectively
enumerable as \Y for T' € (T1, Ty, ...) an effective enumeration of pTMs. This enu-
meration contains all rO-computable measures because oracle completion leaves prob-
ability measures unchanged. Conversely, all A$ are O-sampled by Theorem @, which
means they are rO-computable.

6 Reflective-Oracle Computable Nash Equilib-
rium

We want to construct a set of mutually expected reward maximizing strategies
Ty Tays s Ty, for . It is not obvious that this is possible because the optimal
strategy for each player depends on every other players’ strategy. Explicitly, .
depends on o; which depends on each other 7rj';j, which itself depends on o, which
depends (circularly) on 7 . However, given an assignment of strategies to players it
is certainly well-defined to discuss whether each of them is optimal given the others
(i.e. a best response).

(2

Theorem 15 (subjective environment estimable) Given pTM’s generating the
multi-player game o and oracle pTM’s generating the strategies my, Ty, ..., T, € P%
there is an algorithm that constructs oracle pTM’s estimating o™, o7, and o;.

Proof. Because o is sampled by a pTM, it is L.s.c. by Theorem [6] Because it is a l.s.c.
probability measure it is estimable. Because o™, o7, and o; are defined by uniformly
continuous operations on ¢ and 7y, ..., T,, their conditionals are also O-estimable (by
computably constructable oracle pTM’s). [ |

5Tt is acceptable for pTM’s to output any symbol in ¥ as long as O is indexed by A so that
conditionals are completed to AA. Producing the wrong type of output is treated the same as
failing to halt. Later we will explicitly introduce types for symbols, allowing O to be indexed by any
symbol of ¥ so that the conditionals for symbols in £ are also completed to AE.
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By an optimal strategy, we mean one that maximizes the expected sum of a
player’s discounted future rewards. Formally, a discount factor ~; > 0 scales the
reward at step ¢ to ensure the sum is finite. We will assume w.l.o.g. that the rewards
are bounded so that Y .°, 7, < oo ensures that > .~ ~7; always exists. We define
the discount normalization factor I'y = »~.° . ~;, and

Definition 16 (value function) The value function of strategy 7 interacting with
(subjective) env1ronment v is
VJ(het) = = lim ZZ%HHW ajlhapecy)v(ejlhaeec;ay)

¢+ T—o0
&7 1=t

which satisfies the Bellman equation

1
Vi(hat) = F—ZW(at|h<t)V(€t|h<tat)(%7't + V] (heeer))

at,€et

In a multiplayer game o, player i’s value function in his subjective environment Vi
is in game theoretic terms [KL93b| his expected utility U;(r).

Definition 17 (optimal strategy 7*) An optimal strategy = for environment v is
a strategy in argmax,_ V7, which is nonempty by [LH14]. Note that maximizing V]
for different histories h.; is not in conflict, as can be seen from the Bellman equation.
We define V* =V, (which does not depend on the choice of 7%). Clearly 7% (-|hy)
must be supported on argmax, V,*(h<a), where V,* is extended naturally to histories
ending with an action. Because I'; is a positive scale factor, maximizing the value
function is equivalent to maximizing the expected sum of discounted future rewards.

To prove the existence of a rO-computable Nash equilibrium, we need one more
result which is of independent interest.

Theorem 18 (oracle-computable optimal strategy) For any environment v
whose conditionals are O-estimable, and any estimable discount normalization factor
I';, there is a rO-computable optimal strategy 7.

Proof. Note that environments do not produce elements of A so cannot be completed
with O; this means that O-estimability is stronger than O-sampled conditionals (even
though they are probability measures). Later we will introduce typed reflective oracles
and define reflective-oracle computability for environments; adopting such an oracle
closes this gap.

The optimal value function V7 for v with discount factor v, and discount normal-
ization factor I'y =3 °° 7, is

Vi(hatar) = —t :Flgxolo Z maxz . max Z Z Vil H v(ejlhaoecia;)  (3)

a1
€41 er i=t
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We assume that both 7, and I'; are estimable. This is true in the most common cases
that v; = ' for a constant rational v € (0,1) or v = 1 until some finite horizon after
which it is 0. Our assumption is stronger than estimability of +; which would only
make ['y Ls.c. but estimability of I'; (for all ¢) immediately implies estimability of ;.

Now all quantities in the limit of equation are estimable. The limit can be
approximated from below by iteratively increasing 7. Recalling that the rewards are
bounded to [0,1], this approximation is also within I'ry; of an upper bound because
this is the maximum possible return for the rounds after 7". This means that the limit
can be approximated both from above and below hence is estimable. The factor 1/T
is also estimable when I'; > 0, but when I'; = 0 the unnormalized value function is
also 0 and we will not need to estimate it (any action is equally good).

It would be natural to guess that since the values for each action are O-estimable,
one can simply compute them to sufficient precision and choose the best. However,
this does not deal with ties between action values. Instead we need to take advantage
of O access again. Noting that the value function is in [0, 1] we can use Theorem [J]
to construct a TM T, such that

V7 () = V(@) +1] € [0;:1]

X9, (alec) o
)‘gaﬁ(6|ae<t) = 1- )\%ﬂ(a|3e<t) = %[Vu*(aeqﬁ) - VV*(EE<ta) + 1} € [03 1]

where o and [ are actions. Then in the two action case we define

lif a = and O(Thp, 82<4,1/2) — 1,
m(aleec;) = §1ifa=p and O(T,p, 8<,1/2) — 0,

0 otherwise.

The procedure described above simply calls O once and chooses an action based on
the response. Recall the notation O(T, x,p) — 0 or O(T, z,p) — 1 indicates that an
oracle call with query (T, x, p) yields 0 or 1 (respectively). Since the oracle’s behavior
is stochastic this does not necessarily mean that O(T,x,p) is valued at 0 or 1.

When V(o) > Vi (f5), m takes action a, and when V' (eja) < V' (&f),
7 takes action 5. When the action values are exactly equal, then 7 randomizes in a
fashion depending on O, but in this case any action choice is equally good. Because
7 optimizes the optimal value function it is an optimal strategy:.

If the action set is larger than 2, as suggested by [FTC15|, we can construct a
version of T, for each pair of actions, then use O to iteratively compare each action
not yet tested against the best so far to find one with the maximum action value. B

Theorem 19 (Nash equilibrium) For any multi-player game o with l.s.c. condi-
tionals, mutually optimal response strategies 7y, ..., exist and are reflective-oracle
computable.

Proof. By Theorem there is an algorithm to construct o; from oracle pTM’s for
0,71, ..., Tp. There is also an algorithm to construct 7. from o; following the proof
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of Theorem [I§ Combining these two algorithms we obtain an algorithm 7; that
constructs 7 from (75, T%,, ..., T%,), following once more the convention that 7}, is
an oracle pTM that samples . We now have to show that there are 7; such that the
constructed optimal responses 7, w.r.t. environments o] give back m;, i.e. that 3m; :
my = m;. Define T} to run the oracle pTM returned by T;(7,, 17, ..., T};). This relies on
the second recursion theorem implicitly: Let pTM A accept a two input pTM T and
an input y and construct a new TM T} (x) = T'(x,y). There is a machine 7"(z, ) that
obtains its own description and runs N(z) where N = T;(T,, A(T",1),..., A(T",n)).
Formally 7! = A(T",i). Every step in the process of running 7 has already been
shown to halt, so it samples from the optimal strategy 7 (meaning that N = T7. ).
|

Each strategy is optimal given the knowledge of all other players’ strategies. Play-
ers even act optimally on the histories that they play with probability zero, so this is
a subgame perfect Nash equilibrium.

7 Convergence for Bayesian Players

We have shown the existence of a reflective-oracle computable Nash equilibrium,
which concerns the case that all players know each other’s strategies. It is more
interesting to consider Bayesian players that do not know each other’s strategies,
but only have some belief distribution over possible strategies they may face. It is
typically difficult (or impossible) to show convergence for Bayesian players in general
environment classes or games; see for example [LH15]. The main obstacle is that
players may believe exploration is too dangerous. Kalai and Lehrer [K1.93a] showed
that in an infinitely repeated game with perfect monitoring Bayesian players can learn
to play an approximate Nash equilibrium, supporting the centrality of Nash equilibria
to game theoryﬁ. This is a particularly impressive result because it shows convergence
for purely rational players (without requiring artificial exploration as in e.g. Thompson
sampling) to a randomized strategy, despite the fact that Bayes optimal strategies
can always be made deterministid’l Any solution to the grain of truth problem gets
around this apparent contradiction because the deterministic Bayes optimal strategies
may not appear in P. The catch is that, informally, each player must assign a
small positive probability (a “grain of truth”) to the strategies actually chosen by his
opponents. Well known impossibility theorems (|[Nac97; FYO01]) have suggested that
this condition is hard or impossible to meet and limited the applicability of Kalai
and Lehrer’s results. Indeed, it took 22 years for the first non-trivial such class to
be found [FST15; FTC15; LTF16]. We will show how reflective oracles can be used
to construct a grain of truth by taking advantage of the effective enumeration of
P9 to find a dominant “mixture” strategy (. It is then straightforward to construct

50r depending on one’s perspective, justifying the Bayesian approach to game theory.
"See [FY01] for an explanation of further difficulties
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Bayesian players whose beliefs are consistent with any strategy in the rich class P9,
that satisfy the conditions of Kalai and Lehrer’s result. Our novelf| result shows that
Nash equilibria arise very naturally in infinitely repeated stage games, at least insofar
as it is natural to supply players with a common reflective oracle.

Infinitely repeated games of Kalai and Lehrer. Kalai and Lehrer require that
each player ¢ maintains independent belief distributions over the strategy of all players.
Player ¢’s uncertainty about which strategy in P player 5 has chosen can be expressed
as mixture of behavior strategies in P, and is itself a behavior strategy by Kuhn’s
theorem [Aum64] (though in general it may not be in P). Therefore we can write
it as 7r§, with superscript representing the player who's state of knowledge we are
considering and the subscript representing the player he is reasoning about, so that
player i’s full beliefs about the strategies of all players is given by a vector 7! =
(mi, 7y, ..., mt). This also allows us to represent more general beliefs that might not be
constructed as a Bayesian mixture over a strategy class. Every player at least knows
his own strategy so 7! = m;. The true strategy vector is given by 7., = (71, Ta, ..., Tp)
as in Section |§] (we will sometimes suppress the subscripts 1 : n in 7y.,). The lack
of a superscript indicates that this is not subjective. We assume that the reward for
player i is specified by a fixed payoff function u; depending only on the actions of all
players in the current round. Each player knows his own payoff function (since the
action sets are finite, u; is sometimes called a payoff matrix, and for our purposes
may be assumed computable without any significant loss in generality). Though
player ¢ does not know any other player’s payoff function, that information would not
be useful anyway because he does not assume other players’ policies to be optimal.
Perfect monitoring means that each player observes the other players’ actions; there
are no further observations. Therefore ¢ is a multi-player environment as defined
above but with additional restrictions; in particular there is no longer a meaningful
difference between o™ and o7, because e = a7’ = al...ai 'a!™'...a?. This means that
the history distribution ¢” contains multiple copies of the same action history as
distributed to each player through o7. It is now the case that a player’s beliefs about
his subjective environment depend on both his index in o and his beliefs about the
strategies of other players, so that player i models his environment as o which is
not in general the same as his subjective environment o7

Conditions for convergence. Kalai and Lehrer’s result requires that m; acts ra-
tionally with respect to player i’s beliefs, or in our terminology that m; = 7;~i. This
is not a circular definition because o7 does not depend on ! (when viewed as an en-
vironment), see Appendix . Additionally, they require that 0™ < ¢™ , which follows
from the grain of truth property.

8Though |LTF16] suggests that Kalai and Lehrer’s conditions can be satisfied with reflective
oracles, they do not provide a proof or even explicitly construct the appropriate strategy class Pgﬂ.
Also, they claim that all players must know the others are Bayesian, which is not required.
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Constructing a mixture policy. We want to satisfy the convergence conditions
of Kalai and Lehrer, but this could be done without learning by setting each player’s
beliefs ¢ to the true optimal strategies 7* = (7%, ..., ) as in Section @; for our pur-
poses the players must also hold (independent) priors distributed over all of PZ4 to
model their ignorance of each opponent’s strategy. We will actually satisfy a slightly
different condition by finding a dominant strategy ¢ € PY; such that Vr € Py,
Jde € RY such that () > em(-). Our usage of the term “dominant strategy” is not
related to the usual game-theoretic meaning; it is a measure-theoretic property not

an optimality property. A Bayesian mixture Zﬂeproeﬂ w,m(+) satisfies the latter with

*

¢ = w, > 0. Bayesian mixtures over P are not always in P but we show below that
this holds if ) _w, = 1, so that we could simply define ¢ this way and it would be
a probability measure and therefore a strategy (so the following algorithm is unnec-
essary). However, the simplicity based priors often used in algorithmic information
theory [LV+0§|, including to define Solomonoff induction and AIXI [HQC24] are only
l.s.c. semimeasures. The following construction for ( encompasses the general case
that the weights may be only l.s.c., which only happens when they are defective
(>° w, < 1) because ls.c. probability measures are estimable. A player with prior ¢
still learns any opponent’s strategy in P9, in the sense of strong merging [K1.93a], so
¢ models an unknown strategy, and it can also be used to satisfy Kalai and Lehrer’s
conditions when all players are Bayesian. Fix Ls.c. weights w, > 0 for each 7 € PZ,.
For any pTM T let 7wy be the strategy corresponding to the measure A?, and consider
TM @ implementing Algorithm [1}

Algorithm idea. We would like to sample from ¢’ = > w7, but because we want
loose requirements on the computability of w, we cannot assume they sum to 1. This
means we would like to complete (. Unfortunately we cannot do this either because
though ¢’ is O-l.s.c., its conditionals ('(a<||e<t)/('(a<¢||e<t) involve division by an O-
l.s.c. quantity so may not be O-l.s.c. themselves; in particular we do not even know if
(s O—Sampledﬂ so we cannot produce an oracle pTM T sampling it and there is no A
to complete. Instead, we define a new pTM (@ to lower semicompute the numerator of
the conditional, ('(a</|le<;), and use the completed A9 to estimate the denominator
mg(a<t||le<t). This makes the fraction ('(a<|le<;)/mg(a<|le<:) O-ls.c., which means
we can sample from it. Then completing )\8 we obtain our measure mg which may
not literally complete ¢’, but does dominate it. The core of this construction relies
(again) on Kleene’s second recursion theorem, in this case allowing ) access to its
own description, which it needs to estimate the denominator, intuitively “pretending
that it has already been completed.”['’] Note that this is the only recursion within
Q); we estimate 5\8 by running the binary search pTM By, which makes oracle calls

9When w, is estimable, the conditionals are estimable and therefore O-sampled; in [FST15] this
is elegantly demonstrated by rejection sampling, though it is obvious in light of our Theorem [9
Their proof does not extend to l.s.c. wy.

0This iterative completion is reminiscent of Solomonoff normalization [HQC24, Sec.2.8.2], but
may not preserve the ratios of conditionals.
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about @) but never actually simulates ().

Algorithm 1 pTM @
Input: History s,
Require: Random sequence w
Output: a; ~ M) (afeecy)
1: Obtain (@)
2: Let ¢, (&4, ) approximate ZWGPYOCH w
TQ = /_\8
3: Run sample(¢,, &) with access to w (Algorithm [7)).

m(a<ille<t)
MQ(a<tHe<t)7T(O‘|ae<t) from below, where

Algorithm correctness. Line|[l|is possible by Kleene’s second recursion theorem.
Line [1] is doing most of the work; we need to show that the right hand side is O-1.s.c.
Because wy is assumed Ls.c. and 7 and 7¢ are O-estimable by Theorem [§] every term
of the sum is O-1.s.c. This means that the sum is O-l.s.c. (computing the k™ partial
sum for ¢, (-, k)). We have to show inductively that the denominator is never 0, but
this is easy because there is a computable measure assigning any finite string nonzero
probability. Therefore ¢ € PY,.
By the correctness of the sampling algorithm,

R S )

S~ "molacle<
Now we can choose our dominant policy as mg:
¢ =mg = A5 = A
By definition ¢ € PY,. It only remains to show that ¢ dominates the class.
(lacile<t) = Clacllect)Clarleecs) > (lac]le<t) A (aclasy)

= Clacllea) ww%”eﬂmma

PO, 7rQ(@<t| le<s

= Z Wy (a<

7T€’Pr2ﬂ

e<t) > wim(a<lle<) Vr € Py

noting for the inequality that the O-completed measure for any machine is lower
bounded by its semi-measure. As desired, ¢ € PYy, and ¢ > PZ;. This observation
is sometimes written as

Theorem 20 (P, contains a dominant element) There exists ( € Py s.t.
Vr € PY%, 3¢ > 0 such that ¢(-) > cr(-) (¢ multiplicatively dominates 7). The
first condition is that ( is in the class and the second that ¢ dominates the class
(¢ > PY%). Because both are satisfied we say that PY has a dominant element,
written PZy > PY

refl
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When the weights w sum to 1, ¢ € PY; is a Bayesian mixture over Py, but we
don’t actually need this. We only need the dominance property, and ¢ dominates the

. . . O
defective Bayesian mixture Zwepgﬂ w,m and consequently any m € P .

Tt

A grain of truth. Choosing 7T§ = ( for ¢ # j, of is defined as a product over
O-sampled policies ¢ (with deterministic computable rewards)B. By Theorem ,
0T has O-estimable conditionals, and by Theorem there is a reflective-oracle
computable optimal strategy i~ € PZ;. Therefore, the policy class P and any
multi-player game with l.s.c. conditionals form a solution to the grain of truth prob-
lem. The setting of Kalai and Lehrer (infinitely repeated games with computable
rewards) is a special case: Because Vj mi~ < ( , it is easy to see that when
T o= (Mprl, Whx?, ..., Mpa ), and 7 = (C, ooy oni ), 0™ < o™ . Finally, we can

appeal to [K1.93al, Thm. 2] to conclude the foflowing:

Theorem 21 (close to e-Nash equilibrium) In a computable infinitely repeated
game o, if 75 = ¢ for i # j and 7} = 7 = et (s0 all players are Bayesian), then
for every € > 0, 0™-a.s. there is a time . such that for all ¢ > t., ¢ plays e-like the
history distribution of a e-Nash equilibrium.

The term e-Nash equilibrium means that every players’ expected utility is within
¢ of the best achievable given knowledge of the other players’ strategies. The term
“plays e-like” is defined in [KL93a, Def. 2], relying on |[KL93aj, Def. 1] of “c-close”
measures. It means that with high probability the conditionals of the history distri-
butions are close; Kalai and Lehrer point out this is a kind of Provably Approximately
Correct (PAC) guarantee. Statements holding after time t. refer to measures condi-
tioned on the history up to time ..

Matching pennies example. In the game of matching pennies there are two
agents (n = 2), and two actions A = {«, 8} representing the two sides of a penny. In
each time step agent 1 wins if the two actions are identical and agent 2 wins if the
two actions are different. The payoff matrix is as follows.

| a8
a| 1,0 0,1
8101 1,0

We use € = {0, 1} to be the set of rewards (observations are vacuous) and define the
multi-agent environment o to give reward 1 to agent 1 iff a; = a? (0 otherwise) and
reward 1 to agent 2 iff a} # a? (0 otherwise).

According to our result, when the game is known Bayesian players with prior P
eventually converge to a Nash equilibrium of the repeated game. When discounting
is geometric with discount factor 7 close to 0, this means they will approximately
play the (only) Nash equilibrium of the stage game, randomizing uniformly between
actions a and .

Tt does not depend on !, making its definition a slight abuse of notation.
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Differing action sets. When each player has a different action set, in order to use
a consistent reflective oracle for every player, it is necessary to consider the encodings
of actions. Leike et al.’s (implicit) approach [LTF16] was to choose complete, prefix-
free, binary codes for each type of symbol, which introduces no serious difficulties but
means that their algorithms should properly be specified on the bit level. We would
like to use non-binary reflective oracles to take a more elegant approach. The naive
idea of combining the action sets for each player A = | |,_,.,, A; does not immedi-
ately work because player i’s strategies must be have their conditionals completed
to probability measures in AA; # AA. The solution is slightly harder than using n
separate reflective oracles, because the n reflective oracles would have to consistently
answer queries about each other. Fortunately it is possible to use a typed reflective
oracle as described in Appendix [B| to map actions from each action set to their own
simplex.

8 Impossibility Results

Why does our solution to Kalai and Lehrer’s grain of truth problem not violate the
impossibility results from the literature? Assume we are playing an infinitely repeated
game where in the stage game no agent has a weakly dominant action and the pure
action maxmin reward is strictly less then the minmax reward. The impossibility
result of [Nac97; |[Nac05] state that there is no class of policies P such that the
following are simultaneously satisfied.

e Learnability. Each agent learns to predict the other agent’s actions.

o Caution and Symmetry. The set P is closed under simple policy modifications
such as renaming actions.

e Purity. There is an € > 0 such that for any stochastic policy m € P there is a
deterministic policy 7’ € P such that if 7'(se.;) = a, then 7(ale.;) > .

e (Consistency. Each agent always has an e-best response available in P.

In order to converge to an e-Nash equilibrium, each agent has to have an e-best
response available to them, so consistency is our target. Learnability is immediately
satisfied for any environment in our class if we have a dominant prior [KL93a]. For P9,
caution and symmetry are also satisfied since this set is closed under any computable
modifications to policies. However, our class P9, avoids this impossibility result
because it violates the purity condition: Let T3, T5, ... be an enumeration of 7. With
action space A = {0, 1}, consider the policy 7 that maps history &”, to the action
1 — flip(O4(Ty, &, 1/2)). If T is deterministic, then 7 will take a different action
than T, for any history of length t — 1. Therefore no deterministic reflective-oracle-
computable policy can take an action that 7 assigns positive probability to in every
time step.

23



[FYO01] present a condition that makes convergence to a Nash equilibrium impos-
sible: if the player’s rewards are perturbed by a small real number drawn from some
continuous density v, then for r-almost all realizations the players do not learn to
predict each other and do not converge to a Nash equilibrium. For example, in a
matching pennies game, rational agents randomize only if the (subjective) values of
both actions are exactly equal. But this happens only with v-probability zero, since v
is a density. Thus with v-probability one the agents do not randomize. If the agents
do not randomize, they either fail to learn to predict each other, or they are not acting
rationally according to their beliefs: otherwise they would seize the opportunity to
exploit the other player’s deterministic action.

But this does not contradict our convergence result: the class PY is countable and
each v € PY; has positive prior probability. Perturbation of rewards with arbitrary
real numbers is not possible. Even more, the argument given by [F'Y01] cannot work
in our setting: the Bayesian mixture 7y mixes over Ay for all probabilistic Turing
machines 7. For Turing machines 7' that sometimes do not halt, the oracle decides
how to complete Ay into a measure A2. Thus the oracle has enough influence on
the exact values in the Bayesian mixture that the values of two actions in matching
pennies can be made exactly equal.

9 Asymptotic Optimality in Unknown Games

We now go further and show convergence to equilibrium even when the game is
unknown and is not-repeated but one infinitely long game, as long as the players use
asymptotically optimal strategies instead of Bayes-optimal strategies.

Definition 22 (asymptotic optimality) A policy 7 is asymptotically optimal in
mean in environment class M iff Vu € M, Ef[Vy(h<t) — V] (h<;)] = 0 as t — oo,

In fact, we can show convergence even when the players are not initially aware
of each others’ existence. To do this, we must extend the environment class to all
rO-computable environments (which we define below similarly to P%,). Because we
would still like players to be included in the environment we need the oracle to be
usable for computing either strategies or multi-player games. Then the entire arrange-
ment of a multi-player game with the other players embedded is rO-computable. The
situation is similar to differing action sets; it would be possible to simply give environ-
ments access to a reflective oracle that provides completed action probabilities, but
unfortunately this could not be used to complete the action-conditional semimeasures
generated by pTM’s producing perceptions, which ultimately means that the envi-
ronment class would not be effectively enumerable. Instead we use a typed reflective
oracle capable of completing both percept and action distributions. After defining
our environment class, we show that Thompson sampling policies converge to a Nash
equilibrium.
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Definition 23 (MZ;) Fix alphabet ¥ = A| |€. Let O be a typed reflective oracle
with input and output alphabet 3. Let MY, be the set of environments vy = A2,
called rO-computable.

Unlike the class of environments or games with estimable conditionals, MY, is
effectively enumerable because halting issues are resolved by oracle completion.

Theorem 24 (convergence to equilibrium) Let o be a reflective-oracle com-
putable multi-agent game and let 7y, ..., 7, be rO-computable policies that are asymp-
totically optimal in mean in the class MZ;. Then for all € > 0 and all i € {1,...,n}
the o™»-probability that the policy 7; is an e-best response converges to 1 as t — oo.

Proof. This is [LTF16, Thm. 28]. Following the argument of Theorem subjective
environments are in M%,. Because each policy is asymptotically optimal in mean in
its subjective environment, Theorem [24] follows from the observation that convergence
in mean implies convergence in probability for bounded random variables. Therefore,

Uﬁ[vo*i(%it) - Va?(oreit) >¢e]l—=0as t— 0

(2
so the probability that m; plays an e-best response converges to 1 as ¢t — oo. [ |

Thompson sampling. Now we only need to find a set of asymptotically optimal
rO-computable strategies. It is normally assumed that Bayesian agents solve the
exploration/exploitation problem in a principled way, so it is somewhat surprising
that they are not (even weakly) asymptotically optimal in too general environment
classes [Ors10]. Thompson sampling [Tho33; |Lei+16] is an asymptotically optimal
variation of the Bayesian rational strategy modified to increase exploration. Let the
effective horizon H;(e) be the minimum number of steps in the future such that
the discount normalization factor is less than a ¢ fraction of the current discount
normalization factor; in the case ¢ = 1/2 this is the “half-life” of I';. Formally
Hy(e) = ming{k|T41x/T; < e}. Then Thompson sampling is described by Algorithm [2]
and denoted by mrg. Naturally it is parameterized by a class of environments and
a p(oste)rior weight function w. We will choose M9, for the class of environments,
which means players initially are not even aware that their opponents exist (or of their
number). Then the first condition of the strong grain of truth property is satisfied:

Theorem 25 (Strong grain of truth property, first condition) If ¢ is an O-
estimable game and 7; € (P%,)"~! then oF € MQ,.

T

Proof. This follows from a slight generalization of Theorem [15|to include O-estimable
games. |

If more prior knowledge is required we can instead enumerate G x P"~!. Note
that even in this case w is a joint p(oste)rior over M = G x P""! i.e. can model any
collusion between players (and even the game itself).
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If we only assume that the weights are lower semicomputable semimeasures,
there is a chance that sampling from them fails. This means that the infinite
loop may get stuck after finitely many iterations. It seems that Thompson
sampling is not rO-computable (because it is not a contextual probability mea-
sure) without stronger assumptions on w, for instance O-estimability. We can
rephrase the Thompson sampling algorithm as shown in Algorithm to ex-
plicitly show how to sample actions on each step (reflective-oracle computably)
without persistent memory instead of abstractly describing the behavior be-
tween resampling environments. Equivalence is similar to Kuhn’s theorem |[Aum64].

Algorithm 2 Thompson sam- Algorithm 3 Stepwise Thompson sampling strat-

pling strategy mrg egy Trs
Input: Percept stream eq.o Input: History s,
Output: a1..0 ~ mrs(-||€1.00)  Output: mrg(ai]e<) Ya, € A
1: while true do 1: 10 0;724+0
2: sample p ~ w(-|ee<y) 2: while t; <tdo { tiy1 i+ Hy(ey,); i i+1
3: follow 7 for Hi(e;) }
steps 3t ti—1

4 Ty (ad @) =

W*(%t':t‘aeq/)
Z w(P|%<t’)mW;(at|3€<t)
pEM ’ <

It still remains to show that Algorithm [3]is rO-computable. By definition,

wlplea) = ()G where () = 3 w(plplea)
PEMq

When w is O-estimable, also every factor above (assuming that the environment
class is general enough that all finite history prefixes are possible) and therefore the
posterior weights are O-estimable. For any p € M9,, Theorem shows that the
optimal policies 77 are all O-estimable. This makes Line 4 of Algorithm 3| possible
with O access.

Theorem 26 (Thompson sampling computability) For estimable I'; and nor-
malized estimable prior w over over Mg, mrg over MY, is rO-computable.

Together, Theorem [25]and Theorem 26]show that P, and the class of O-estimable
games satisfy the Thompson sampling version of the strong grain of truth property.

Technically, computing the horizon H,(¢;) exactly would require finitely com-
putable I'; and ¢;, but the convergence of Thompson sampling only depends on ¢, > 0
and €, — 0. As long as 'y /Iy is computed to sufficient precision to ensure the ratio
between resampling steps decreases to 0 this is equivalent to Thompson sampling
with an acceptable choice of ¢;.
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(Un)normalized weights w. Recall that all normalized l.s.c. w are also es-
timable. Given that we generally assume in this paper that the weights are at
least l.s.c., Theorem only relies on the weights summing to one; without this
requirement, Thompson sampling would sometimes fail to sample an environment
and its behavior is under-specified! Generalizing to l.s.c. weights, it is natural to try
to use the reflective oracle to somehow complete Thompson sampling. We could try
to complete 7mrg’s environment mixture £. Unfortunately this would not explicitly
complete the weights which Thompson sampling needs access to; m7g requires not a
dominant environment but explicit coefficients. The reflective oracle could be used
to directly complete each weight from an oracle pTM generating it (in the sense
of outputting 1 with probability w(p|ee<;) and otherwise failing to halt) but it is
unclear whether the individually completed weights would still sum to 1]

Combined with Theorem [26], Theorem [I1] tells us that we can choose O to make
Thompson sampling limit-computable, which lets us improve Theorem [24}

Theorem 27 (limit-computable convergence to equilibrium [LTF16,
Cor.20]) There are limit-computable strategies m, ..., 7, such that for any com-
putable multi-agent game ¢ and for alle > 0 and alli € {1, ...,n} the o™ -probability
that the policy m; is an e-best response converges to 1 as ¢ — oo.

Since all 7; converge to e-best responses, this implies that 7., is asymptotically
e-Nash. We can say more about the computability level of M%:

Theorem 28 (A; C MZ, C A,) The class MY, contains all (joint) estimable
(normalized) environments (sometimes called M) and is contained in the class of
measures with limit-computable conditionals.

Proof. The claim M2 ¢ M9, follows immediately from Lemma , and is in fact
strict by a simple diagonalization argument in [LTF16]. The claim that M2, C A,
follows from Theorem . It is easy to see that A; C PYy C A, also holds by the

same argument. [ |

10 An Application to Self-Prediction

In Section [9) we derived a convergence result for players who are not initially aware of
the multi-player game they are playing, or even that other players are involved. We
can take this ignorance even further by allowing our player to be uncertain of even his
own strategy as he selects each individual move. This is the setting of the Self-AIXI
agent proposed by |Cat+23|. Though the problem may appear esoteric at first, it is
of interest to reinforcement learning (RL) researchers. Model-based RL algorithms

12Really, what we would like to do is divide & by > ,w(p) to normalize directly, but this is not
even l.s.c.
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often execute an expensive decision tree search to plan their future actions. This
search can be narrowed by (iteratively) distilling the resulting policy into a model
that guides action selection. The Self-AIXI agent can be viewed as an extreme case
of this approach, entirely replacing planning with an interaction between self-model
and environment-model akin to model- and value-based policy search methods but
more general and principled. Arguably, the Self-AIXI framework also describes human
planning; though we may make plans for our future actions, we do not know which
strategy we will ultimately follow. Formally, a Self-AIXI policy is deﬁnedﬁ as

Definition 29 (Self-AIXI) Let ¢ and £ be dominant elements of policy class P and
environment class M.

ms(hey) € argmaxateAVC(h<tat)

m
Vgg(h<t@t) = —”}Lg{lx Z Z’Yﬂ’sz ejleec;a;) H ((ajlaec;)
at+1:m,Ct:m 1=t Jj=t+1

The results of [Cat+23| suggest convergence of Self-AIXI to 7 (when § is a dom-
inant element of the class MJS™ of environments given by contextual chronological
L.s.c. semimeasures, 7; is called AIXI), but there are gaps remainin@ One problem
is that they rely on mg € P without constructing any policy class (interesting or

otherwise) with this property. Reflective oracles provide a natural example.

Theorem 30 (Self-AIXI in computable environment) Let O be a reflective or-
acle with input alphabet ¥ = A| | £ and output alphabet A. Let P = PY and M be
any environment class containing a dominant element £ with estimable conditionals.
Then there exists a dominant ¢ € P2y, and there is a stochastic ms € P2, for ¢, &.

Proof. The existence of such a C follows from Theorem [20l The argument that
ms € Py follows Theorem (18} the conditionals of ¢ are assumed estimable and
the conditionals of ( are O- estlmable. [ |

Note that since we do not have an effective enumeration of the class of environ-
ments with estimable conditionals, we cannot choose it as M in Theorem [30, making
the result somewhat less interesting. We can solve this problem by sharing the reflec-
tive oracle between the strategies and the environments as in Section [0

13We require strategies and environments to be (contextual, chronological) probability measures.
This definition generalizes from explicit Bayesian mixtures to any dominant elements of each class.
Also, our Definition [29| does not maximize equation (3) of [Cat+23], which asserts linearity of the
action value function Qg with the incorrect coefficients (failing to update on the latest action) and is
probably not the intended definition as it is inconsistent with the rest of the paper. This definition of
Qg would make Self-AIXI a kind of one-step causal decision theorist instead of an evidential decision
theorist.

We do not address their requirement that 7g is “reasonable off-policy” which is a technical
and slightly unnatural condition that has not been shown for any combination of strategy and
environment classes.
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Theorem 31 (Self-AIXI in oracle computable environment) Fix some finite
alphabet ¥ and encodings over ¥ for each element of A and £. Let O be a typed
reflective oracle with input and output alphabet ¥. Let ( and ¢ be dominant elements
of PY and M. respectively. Then there is a stochastic mg € Py for ¢, &.

by

Proof. In this case the conditionals of ¢ are O-estimable because it is in MY, and
as before the argument follows Theorem [1§| [ |

11 Conclusion

We have constructed a policy class meeting the requirements of [KL93a]. This can be
seen as a justifying the importance of Nash equilibria from a Bayesian perspective.
When a Bayesian player’s strategy is private information, we see no convincing rea-
son for him to play a strategy corresponding to any Nash equilibrium.For instance, a
Bayesian who has observed that his opponent in a game of “rock, paper, scissors” usu-
ally chooses “rock” (in past otherwise similar games) might naturally choose “paper,”
instead of randomizing uniformly as anticipated by classical game theory. However,
when the game and policy classes satisfy the grain of truth property, players eventu-
ally converge to a set of strategies close to a e-Nash equilibrium.

Reflective oracles in the real world. It is interesting to consider whether the
grain of truth property is a reasonable assumption about the beliefs and strategies
of humans. The limit-computability of (some) reflective oracles makes this at least
distantly plausible. Certainly humans should model others as demonstrating roughly
comparable computational power to ourselves, and our computational boundedness
means any mutual recursion must eventually terminate. Reflective oracles are one
possible model of this termination, but it is hard to see how the (critical) assumption
that all players use the same reflective oracle can be justified. At least in the self-
predictive case it is sensible for an agent to use the same reflective oracle to model
their beliefs about themselves and their environment; convergence results should still
hold when the true environment does not actually use oracle access, as long as it
is in M%,. More speculatively, perhaps a shared reflective oracle is a reasonable
assumption for (semi-)cooperative multi-agent systems such as members of a common
culture or subagents within a cognitive architecture.

Future work. It would be interesting to determine the degree of centrality and
uniqueness of reflective oracles (and the corresponding PZ;) among the solutions to
the grain of truth problem, and to study in general the connection between the grain
of truth problem and self-prediction. Another fascinating research direction is to
clarify the computability properties of reflective oracles; we know that there exist
limit-computable reflective oracles, but not all reflective oracles are limit-computable

because any measure is computable with respect to some reflective oracle (see Ap-
pendix . Therefore, it is easy to understand | J, PZ;. We showed in Lemma [10|that
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regardless of the chosen reflective oracle O, all estimable measures /] are sampled
by some probabilistic Turing machine with access to O (by binary search), but are
any other measures in the intersection (), P%?
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A List of Notation

Our notation follow [LTF16] as closely as possible.

= 1 if R=true and =0 if R=false (Iverson bracket)
defined to be equal

the natural numbers

the rational numbers

the real numbers
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b,q

rO

(current) interaction (time) step, t € N

player=agent index € {1,...,n}

the other players=agents # i part of the environment

natural number indices

number of agents=players

a real value with interpretation as a probability.

the set of all finite strings over the alphabet X

the set of all infinite sequences over the alphabet X

a probability distribution over X

a reflective oracle

a partial oracle

the function that on input p € [0, 1] returns 1 with probability p, else 0.
a query to an oracle in an enumeration i € N/

the set of oracle probabilistic Turing machines, extended to include tape contents
an oracle probabilistic Turing machine

the semimeasure corresponding to the probabilistic Turing machine T’

the semimeasure corresponding to the probabilistic Turing machine 7’
with access to the reflective oracle O

the oracle-completed semimeasure corresponding to the probabilistic Turing machine T’
with access to the reflective oracle O

abbreviation for “reflective oracle”

O-sampled a semimeasures v is O-sampled if there exists a pTM T such that v = A\

O-estimableestimable with access to the reflective oracle O

v

a semimeasure sometimes representing an environment

the true environment

1 is absolutely continuous w.r.t. v

a finite alphabet often identified with the set of possible actions

a finite alphabet containing the possible percepts; rewards should be
computable from percepts

alphabet symbols usually in A

the action(s) in time step t

the percept(s) in time step ¢

the first ¢ — 1 interactions, aie;...a;_1€;_1
the empty string

a small positive real number

the discount function v: N — R
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Iy a discount normalization factor I'y = Y 7

v, I environments/semimeasures

o a multi-player game

o history distribution induced by 7, ..., 7, interacting in the multi-player game o

of the subjective environment of player ¢ in multi-player game o

T a policy (strategy), m: (A x £)* — A

Vr the v-expected value of policy 7

Vi the optimal value in environment v

g a countable class of multi-player games

M a countable class of environments

M, the class of environments computed by probabilistic Turing machines
with access to reflective oracle O

P a countable class of policies (strategies)

Po, the class of policies (strategies) computed by probabilistic Turing machines
with access to reflective oracle O

w a real valued weight distribution, usually over M%, or P,

13 a mixture environment, usually over M2,

¢ a mixture policy over P2y

B Non-binary Alphabet Reflective Oracles

We provide a detailed existence proof for non-binary reflective oracles. First, we ex-
tend the definition of reflective oracles to the non-binary case, which requires slightly
stronger conditions than the binary case to ensure that the oracle completed condi-
tionals lie on a probability simplex. Then we construct a point-to-set mapping that
expresses an oracle’s self-consistency and show that a fixed point would imply the
existence of a reflective oracle. Finally, we demonstrate the existence of a fixed point
using the infinite dimensional version of the Kakutani fixed point theorem |[Fan52].

Definition. The most important feature of a reflective oracle is that it can be used
to complete a semi-measure to a measure (which is then reflective-oracle sampled and
even estimable). Extending the definition to non-binary alphabets, we must take care
to preserve this property. It is easiest to do this by extending the strict definition of
Fallenstein et. al. [FTC15], which we refer to as a “step reflective oracle.” Slightly
generalizing their notation to explicitly include the input x € {0,1}*, they require
that for every machine T and input x, there is some cutoff P[T(z) = 1] < ¢ <
1 — P[T(x) # 1] such that
p<q=0(T,z,p)=1
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p>q=OT,r,p)=0

We will generalize to finite output alphabet A and input alphabet Y. For our purposes
A C ¥ for instance A is a set of actions and ¥ includes actions and observations.

Definition 32 (reflective oracle) The oracle O valued in [0,1] is reflective iff for
each probabilistic TM T and string x € ¥*, 3{qq }aca satisfying the following prop-

erties:
D e =1

acA
And for all o € A,

P1%(z) =a] < qi < 1—P[1°() # ]

P<qa = Ou(T,z,p)=1
P>4a = OQ(T,SL’,])):O

Notice that oracles are now indexed by «, so can be thought of as a family satis-
fying certain relations or as accepting a new argument of type A. An oracle responds
to queries with 0 or 1, and the value of O, on a given query is interpreted as the
probability that its answer is 1. Given this definition, it is not difficult to see how to
conduct a binary search for each ¢, and recover a measure.

Proof. Now we must prove that non-binary reflective oracles actually exist. The
argument follows the original existence proof. The key is to restrict certain functions
to lie on the simplex (which is closed, compact, and convex) which makes it possible
to ensure that the point-set map only accepts and produces functions satisfying the
first condition.

The argument relies on the infinite dimensional version of the Kakutani fixed
point theorem (sometimes more appropriately but less helpfully referred to as the
Kakutani-Ky Fan theorem), which T'll reproduce from Ky Fan’s paper [Fan52]:

Theorem 33 (infinite dimensional Kakutani fixed point theorem) Let L be
a locally convex topological linear space and K a compact convex set in L. Let R(K)
be the family of all closed convex (non-empty) subsets of K. Then for any upper
semicontinous point-to-set transformation f from K into R(K), there exists a point
zo € K s.t. xg € f(l‘o)

The more modern term for locally convex topogological linear space is locally
convex topological vector space (LCTVS).
Let 7 be the space of pTM’s generalized to include the tape configuration. We
will consider points
(query, eval)

where eval € (AA)7, which we interpret as (for a fixed point) returning the completed
chance of a given pTM outputting o, and query € [0, 1]7*(@01)*A which is a function
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on queries returning the oracle’s chance of producing a 1. We will later introduce
constraints on query in terms of eval (through the point-to-set map f) so that a fixed
point is a reflective oracle, which is why the definition of the space for query does
not need to enforce that the oracle’s answers describe a probability distribution. The
space of (query, eval) pairs is

K = [0, 1]Tx(Qm[0,1})xA % (A.A)T

This is a subset (under a trivial “currying” homeomorphism on the space of eval) of

S = RTX(QQ[O,I])XA % R(TXA)

which is an LCTVS under the product topology. This follow from the fact that R
is a (very simple) LCTVS, and all LCTVS properties are closed under the product
operation.

Topological properties. We will later need that S is metrizable to use a notion
of sequential convergence instead of “upper semicontinuity”. Because R is Hausdorff
and products of Hausdorff spaces are also Hausdorff, S is a LCTVS in the stricter
sense of Rudin’s Functional Analysis [Rud91] (which requires 7}, a property weaker
than Hausdorff). Theorem 9 tells us that TVS is metrizable if it has a countable local
base. Our countable local base for S is a sequence of balls with radius 1/n at the first
n points in enumerations of both the exponents (7 x A and T x (Q N [0,1]) x A),
with R at the (infinitely many) remaining points. So S is metrizable. Now we need
to know that K is compact and convex. Tychonoff’s theorem implies it is compact.
Convexity is immediate from convexity of simplices.

The point-to-set map f. The original proof demonstrates that it is possible to
construct an oracle reflective on some subset of queries and equal to a different fixed
oracle elsewhere. This is more than we need and clutters the proof, but is easy to
understand once the proof is digested, so we focus on the case that we want a reflective
oracle on all queries. We are ready to define our point-to-set map f : K — 2K. We
will then demonstrate that the range of f is R(K). Let (query, eval) € f((query,eval))
iff the following conditions hold:

p < eval,(T) = query, (T,p) =1

p > eval,(T) = query (T,p) =0

This leaves query’ (7', eval,(T")) unconstrained.
The recursive rules on eval’ are slightly more complicated. The “base case” is that
if T returns T'() = (8 on its next computation step,

eval) (T) = 04(T()) = [a = J]

T can halt returning nothing or something other than a single symbol. In that case,
eval, (T) is arbitrary.
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The other “inductive” rules are copied from [FTC15|. If T performs a deterministic
computation step producing a new machine/configuration N, eval (T) = eval(N). If
T performs a coin flip yielding a state N with rational probability p and N’ with
rational probability 1 — p, eval (T) = peval,(N) + (1 — p)eval,(N’). We observe
that typically a transition of a pTM is defined to use exactly one random bit so we
should have p = % Also, if T has a chance of halting with some output immediately
after reading the random bit (in the same computation step), eval, (V) or eval,(N’)
should be replaced according to the first rule; otherwise they are not really well-
defined. Calls to the oracle should be treated the same as coin flips with probability
determined by query: if the oracle is invoked on (T, p) yielding N on 1 and N’ on 0,
and query(T, p) = q then eval (T) = geval,(N) + (1 — q) eval,(N').

Assuming for a moment that a fixed point exists, we will show that this gives us
a reflective oracle, defined by P[O,(T,p) = 1] = query, (7T, p). We normally want our
reflective oracles to accept a machine description and input string, but these can be
combined into an extended machine/configuration as in the definition of O.

By induction on the number of computation steps,

P[T?() = a] < eval,(T) <1 — P[T°() # o]

Together with the conditions of query,, (T, p), this shows that eval, (T") satisfies the last
three conditions on ¢, in Appendix [B] The first condition is automatically satisfied
because eval(T) is restricted to the simplex; this pushes the burden of proof to the
non-emptiness of f((query,eval)). Therefore, O is a reflective oracle.

Existence of a fixed point. Now we only need to prove the existence of a fixed
point by establishing the conditions of the infinite dimensional version of the Kakutani
fixed-point theorem. First, we will show that f((query,eval)) is closed, convex, and
non-empty. In a metrizable space, closed sets can be characterized in the ordinary
way by sequential convergence. Note that at every point, query’ and eval’ are either
restricted to some fixed value depending on (query, eval) or are unrestricted (except
for eval’ to lie on the simplex, which is closed). Taking limits (of any such sequence)
shows that f((query,eval)) is closed. Convexity is also easy to verify pointwise (and
from convexity of the simplex). Finally, we must show non-emptiness. It is obvious
that the conditions on query’ can always be satisfied. It remains only to show that
the conditions on eval’ can be satisfied by points lying on the simplex. But this is
only another application of convexity of the simplex, noting that ¢ and p lie in [0,1],
and eval(T') € AA, and verifying that the “base case” condition produces a point on
the simplex (in fact an extreme point of the simplex).

The last property to verify is “upper semicontinuity.” But as Fan points out, this
is equivalent to the definition in terms of convergent sequences, which is usually called
the “closed graph property.” We must show that if (query’,,eval)) — (query’,eval’),
(query,,,eval,) — (query,eval), and (query’ eval) € f((query,,eval,)), then

(query’,eval’) € f((query,eval)).
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The argument is exactly the same as in the binary case, but applies “pointwise”
to each o. Taking limits on both sides of the rules for eval’ immediately gives the
desired result for this part. For query! (T,p), the argument depends on the rela-
tionship between eval,(7T") and p. If they are equal, the condition is automatically
satisfied. The two remaining cases are symmetric, so we consider (w.l.o.g.) the case
that eval,(7) > p. Since eval, — eval (in the topology of pointwise convergence),
(eval,)a(T) — eval,(T'), and for sufficiently large n, (eval,)o(7T") > p. This means
that (query’)(T,p) — 1, so query’ (T,p) = 1. This proves the closed graph prop-
erty, which implies a fixed point of f by the infinite dimensional Kakutani fixed point
theorem. Therefore, there is a non-binary alphabet reflective oracle.

Types for symbols. Sometimes the alphabet A =| |, ..., A; and each machine has
an intended type in {1,..,n}. Then we want to interpret our machines as semimea-
sures over the corresponding A? and complete the conditionals to AA4;. The primary
examples are when each player has a different action set (so n is the number of play-
ers) and when a player interacts with an environment (so n = 2 for the action and
percept spaces). The natural idea is to use a different reflective oracle with each
output alphabet A;, but unfortunately the oracles need to be answer questions about
each other’s behavior so this does not literally work. Instead we can change the re-
quirement Y 4 ¢o = 1 to the n requirements ) ., ¢o = 1, and force the oracle
to satisfy this by changing the space of eval from (AA)7 to ([T, AA)7. Tt is easy
to see that this set is still closed, convex, and compact. The rest of the existence
proof goes through essentially unchanged. The resulting (typed) non-binary oracle
automatically knows which output type we expect for a machine based on the type of
its symbol argument o € A; and completes the associated semimeasure appropriately,
redistributing the probability of outputs outside of A; in the same way as non-halting
probability mass.

Reflectivity on subsets. It is easy to modify the proof above so that we construct
an oracle O that satisfies reflectivity on some subset of queries R but behaves iden-
tically to any arbitrary oracle O’ outside of R. Let A be a closed set of pTM’s that
only make oracle calls about other pTM’s in A. Let R = {(T,z,p)|T" ¢ A}. Then if
O' is reflective on queries about pTM’s in A (that is, R), we can construct an oracle
O reflective on R that agrees with O’ on R®. But because replacing O’ by O does
not change the results of any oracle calls for machines in A, O is also reflective on
RC, which means O is a reflective oracle (on all queries). This is analogous to the
extending a linearly indepedent set of vectors to a basis. In some cases it is easy to
find a variety of explicit oracles O reflective on A; for instance, if A = {T'} where
T never halts, O' can complete A2 to a measure in any arbitrary way, and there will
exist a reflective oracle O agreeing with O" about T. This means that all measures
are reflective-oracle computable with appropriate choice of O (though by countability
of T there is no particular O that makes every measure rO-computable).
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C Limit-Computable Step Reflective Oracles

We will extend Leike’s proof that there is a limit-computable reflective oracle [LTF16]
to show that there is a limit-computable non-binary reflective oracle. This requires
a slightly different construction which yields a limit-computable step reflective ora-
cle when restricted to the binary case, simplifying the oracle completion process by
removing the need for an expectation.

Following [LTF16], we will construct an infinite sequence of partial oracles con-
verging to a reflective oracle in the limit. The set of queries to a reflective oracle is
countable and computably enumerable, so we will fix a computable enumeration:

T x X" x Q =: {Ql, QQ, }

where T is the set of (generalized) pTM’s as above and ¥ is the input alphabet.
A reflective oracle is also indexable by symbols from the output alphabet.

Definition 34 (k-partial oracle) A k-partial oracle O, is a function from the first
k queries to the multiples of 27% in [0,1]:

O~a . {Ql? Q27 ceey Qk} — {n2_k|0 S n S 2k}

Definition 35 (approximate an oracle) A k-partial oracle O approximates an
oracle O iff Va|O,(Q;) — O4(Q;)] < 2771 for all i < k.

Let Q be a k-partial oracle for £k € N and let T € T be an oracle machine. We
define T to be the following machine:

1. Run T for at most k steps.

2. If T makes an oracle « call on Q; for i < k,
(a) Return 1 with probability On(Q;) — 27*
(b) Return 0 with probability 1 — O,(Q;) — 2%
(c) halt otherwise

3. If T' calls the oracle on Q; for j7 > k, halt.

Since O is not a fully defined oracle, this is different than the usual meaning of
T©. In particular it implicitly depends on the value of k.

Lemma 36 (bound on )\,_?:) If a k-partial oracle O approximates a reflective oracle
O, then AP (alz) > A\Q(alx) for alla € A, x € ¥*, and T € T.

Proof. This follows from the definition of T9: when running 7' with O instead of
O, every sequence of oracle responses is less likely because O, —27F < 0,(9Q;) and
1—0,—27% <1—-0(Q;). The other differences can also only lose probability mass.
If T" makes calls whose index is > k or runs for more than k steps the machine halts
and no output is generated. [ |
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Definition 37 (k-partially reflective) A k-partial oracle O is k-partially (step)
reflective iff for the first k£ queries (T, z,p) and for all «

1. p < X2(a|z) implies O4(T,z,p) = 1, and
22.p>1-% 4., /\?(5|x) implies O (T, z, p) = 0.

Also, we require that for all o, T, x, OQ(T, x,-) is non-increasing and there is at most
one p such that (7, z,p) is in the first k£ queries and O, (T, z,p) ¢ {0,1}.
Finally, for each T, x appearing in one of the first k queries,

L. ZaGA min{p|(T,x7p) € {Qi}igk and Oa(f%?) = 0} >1

2. ZaEA maX{p|(T7xap) S {Qz}zﬁk and OQ(T,IE,]?) = 1} <1

The minima default to 1 and the maxima default to 0. The first pair of conditions
enforce the reflective oracle property. The remaining conditions enforce the step
reflective oracle property which is always required for non-binary reflective oracles.

We can check whether a k-partial oracle is k-partially reflective in finite time.
The first pair of conditions can be checked by running the machines from the first &
queries for k steps each (on every combination of the < 2% random bits used) and
calculating A?(a|z) exactly. The rest are clearly possible to verify with one pass over
the first k queries for each a.

Lemma 38 (partial approximations are partially reflective) If O is a reflective
oracle and O is a k-partial oracle that approximates O, then O is k-partially reflective.

Proof. Note that since O assigns values in a 2% grid and approximates O up to
27F=1 for the first k queries Ou(T,z,p) = 0 = Ou(T,z,p) = 0 and O (T, z,p) =
1 = Ou(T,z,p) = 1. Assuming A2 (a|z) > p we get from Lemma that A\ (alz) >
A(alz) > psol = Ou(T,z,p) = Ouf(T,z,p). The second condition is proved
symmetrically. For the remaining conditions, recall that for each T, x, dg, with
O(T,z,p) =1 for p < qo, O(T,z,p) = 0 for p > q,, and > _ g, = 1. This means
that Ou (T, x,p) = 1 for p < qo and Ou (T, x,p) = 0 for p > ¢, and since these are
the maximum and minimum values of O it is certainly non-increasing regardless of
its value at ¢, (which is in general not defined). Additionally, if O4(T),z,p) = 0 then
certainly p > q,, which implies that the sum of minima is > )" ¢, = 1 (this is also
automatically satisfied if any O, (T, z,-) does not take the value 0). The argument

for the bound on the maxima is similar. [ ]

Definition 39 (extending partial oracles) A k + 1 partial oracle O’ extends a
k-partial oracle O iff |0,(Q;) — O.(Q;)| < 271 for all i < k.

Lemma 40 (infinite sequence of extensions) There is an infinite sequence of
partial oracles (OF)ren such that for each k, OF is a k-partially reflective k-partial
oracle and O**! extends O*.
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Proof. As shown in Appendix Bl there is a (step) reflective oracle O for any finite
alphabet. For every k, there is a canonical k-partial oracle O that approximates
O: restrict O to the first k queries and for any such query Q for each o € A pick the
value in the 27% grid which is closest to O, (Q). By construction, each O*! extends
O* and by Lemma , each OF is k-partially reflective. [ |

Lemma 41 (}\?k increases) If the k + 1 partial oracle O*+! extends the k-partial
oracle Oy, then Yoo X2 (a|z) > \2" (az) for each T € T and = € A*

Proof. 7O runs for one more step than T9" and can answer one more query. Be-
cause OF1 extends OF, |OF1(Q;) — O%(Q;)| < 2%, which means O*'(Q;) —
27F=1 > OF(Q;) — 27*, so halting on oracle calls is less likely and the chances of
returning 0 or 1 are both higher. [ |

Search algorithm. Now we are prepared to state the algorithm that constructs a
reflective oracle in the limit. The algorithm recursively traverses a directed acyclic
graph (DAG) of partial oracles. The DAG’s nodes are the partial oracles; level k
of the DAG contains all k-partial oracles. There is an edge in the DAG from the
k-partial oracle O* to the i-partial oracle O' if and only if : = k+ 1 and O' extends
OF.

For every k, there are only finitely many k-partial oracles, since they are functions
from finite sets to finite sets. In particular, there are exactly two 1-partial oracles (so
the DAG has two sources, nodes without parents where the search can begin). Pick
one of them to start with, and proceed recursively as follows. Given a k-partial oracle
OF, there are finitely many (k 4 1)-partial oracles that extend OF (finite out-degree).
Pick one that is (k + 1)-partially reflective (which can be checked in finite time). If
there is no (k + 1)-partially reflective extension, backtrack.

By Lemma 40| our DAG is infinitely deep and thus the search does not terminate.
Moreover, it can backtrack to each level only a finite number of times because there
are only a finite number of paths from a source to each level and at each level there
are only a finite number of possible extensions (in fact, though it is possible for
two different paths from sources in the DAG to reach the same node, there is no
need to return to any node once it has been visited and all of its children have
been explored). Therefore, the algorithm will produce an infinite sequence of partial
oracles, each extending the previous. Because of finite backtracking, the output
eventually stabilizes on a sequence of partial oracles O, 02,.... By the following
lemma, this sequence converges to a reflective oracle, proving Theorem [43]

Lemma 42 (limit is reflective) Let O', 0%, ... be a sequence where OF is a k-
partially reflective oracle and O*! extends O for all k € N. Let O := limj,_,oc OF be
the pointwise limit. Then

1. A" (a|z) = AQ(a|z) as k — oo for all @ € A and z € ¥*.

2. O is a reflective oracle.
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Proof. First note that the pointwise limit must exist because |0%(Q;) — O%*1(Q,)| <
27k=1 by Definition

1. Since OF*! extends OF, each OF approximates O. Let o € AT € T, and
2 € ¥* and consider the sequence a;, := A" (a|z). By Lemma {1| aj, < a1 s0
the sequence is monotonically increasing. It is also bounded above by A% (ca|z)
according to Lemma (36, so it converges. It only remains to show that the
sequence does not converge to something less than A?(a|x). The probability
that T© halts, which is bounded above by 1, is the sum of its probabilities of
halting at each step. Therefore, the probability 7¢ halts after running for more
than k steps is a tail sum that approaches 0 as & — oco. The distributions on the
results of calls to the partial oracles converge to the distribution on the results
of calls to O by definition of O and because 27% — 0 in the definition of 79",
The definition of T¢ therefore implies that a, — A2 (a|r) as desired.

2. By definition, O is an oracle. It only remains to show that O satisfies the step
reflective conditions given in Appendix [B] Consider a fixed T' € M and x € ¥*.
Let P* = {p € Q|(T,z,p) € {Q1,Qa,...0r}}. Let LF be the subset of P* for
which OF(T,z,p) = 1 and H”* be the subset of P* for which O¥(T,z,p) = 0.
Because OF is k-partially reflective, there may exist at most one point p, which
is in P* but is not in L* or H*. Because O takes values on a 2% grid and OF*!
extends OF, p, is not in L' or H! for any k' > k; it is not possible to reach 0
or 1 from OF (T, z, ps) by extension since

k' —1 k' —1
|O§,(T,x,pa)—O~Z(T,x,pa)| < Z |O~2¢+1(Taxapa) T T, Pa | < ZZ_Z ' < 22_Z b=
i=k

This means that if any such p, exists it does not depend on k, and we will
consider only ¢ sufficiently large so that p, is in P* but not in L¥ or U* for all
k > t. We will assume without loss of generality that p, exists; otherwise the
proof is routinely simplified. By uniqueness, no point other than p, can lie in
Pk —(LFUH?) for any such k. Using the bounds on extensions again, L* C LF!
and H¥ C HF+'. Noting that k-partial step reflectivity of each OF requires
it is non-increasing, we must have Lf < H? element-wise, so supJ,, L% <
inf | J,., H*. Additionally, |J,-, P* = QN[0, 1] since all queries are enumerated.
This implies that (s, LX) U (U,s, HE) = QN [0,1] — {pa}. Therefore,

- ko k k_ k
kh_}lilo max L; = sup U L, =inf U H; hm min H

k>t k>t

The non-increasing property also requires that these limits are p, (in the case
that p, does not exist we use this as its definition). Because H® are increasing
sets and eventually include all p < p,, for such p, 1 = limg_,o OX(T,2,p) =
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O(T, z,p). Similarly, O(T, z,p) = 0 for p > p,. It is also clear that N (alz) <
Pa 1 =362 A2(B|x) because the bounds are the limits of A2"(a|z) and

1—> 5 A" (B]x) and OF is k-partially reflective. All that remains to show
is that ) po = 1. But the last pair of requirements for k-partial reflectivity
are that > min H* > 1 and ) max L* < 1. Taking the limits of both sides,
1 <> pa<1,50 ) pa=1. Therefore, O is a reflective oracle.

Theorem 43 (limit-computable non-binary reflective oracle) There is a limit-
computable reflective oracle over any finite output alphabet.

Proof. The search algorithm produces a reflective oracle in the limit by Lemma 42|
|

D General Reflective Oracle Computability of
Completed Semimeasures

We have restricted our focus to step reflective oracles, but [LTF16] uses a more general
class (defined only for binary alphabets) that can randomize at any point between
A2(1|x) and 1—A2(0|z). The oracle no longer needs to be indexed by symbol because
the completed probability of 0 can be determined from the completed probability of
1. With this definition, there is not necessarily a unique crossover point ¢ where
O(T, z,-) switches from 1 to 0. However, A2(-|z) can still be defined by running a
binary search. The only complication is that the limit is no longer deterministic.

Algorithm 4 pTM Cr

Input: z € {0,1}*

Require: Random bit sequence w
Output: y ~ \2(-|z)

1: [,h=0,1

2: fori=1,2,... do

3: m = %

4: if flip(O(T,x,m)) then | < m
5: else h + m

6: if wy.; + 27" <[ then Return 1
7 else if w;; > h then Return 0

Let \Y = AZ,., defined in . On input string x € {0,1}*, let p* be the limit point
of the binary search using O(T,z,-). This is a random variable depending on the
stochasticity of queries to O. Fixing the oracle’s random choices, p* is the probability
(over random bits w) that C7 returns 1. This implies that the overall probability that
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Cr returns 1 is A2 = )\8T = E[p*] (with the expectation over the oracle’s responses).
Because Cr halts with probability 1, A? is a measure and is O-estimable (this time
with a deterministic binary search).

E Lower Semicomputability of pTM sampled
Semimeasures

Theorem 44 (l.s.c. of pTM semimeasures) For any pTM T, Ay has Ls.c. condi-
tionals.

Proof. We can see this by constructing a binary tree with each edge corresponding
to the next random bit received by T'. For some sequences of random bits, 7" halts
after reading a prefix without requesting any further bits. If we mark the leaves of
this tree with the output of 7" when it halts (which is deterministic once the bits are
fixed) then Ap(«|z) is the sum of the probabilities for each random string along a path
from the root to a leaf labeled with «, which is 27! for a path of length 1. Though
there are uncountably many infinite sequences of random bits, so we cannot literally
run 7" on all random bit sequences in parallel, we can run a breadth-first search on
the binary tree to increasing depths and sum the probabilities of each leaf marked «
encountered, so Ay is l.s.c. [ |

Theorem 45 (l.s.c. conditionals are sampled by a pTM) If i has l.s.c. condi-
tionals, we can find a pTM T such that u = Ar.

Proof. Let ¢, (z, k) lower semicompute pu(a|z) with O access. The trick (similar to
the proof of the coding theorem |[LV+08|) is to partition the interval into a list P of
subintervals, each labeled with a symbol from A. We will define some subroutines
for manipulating P by adding a new subinterval on the right of a given length and
checking whether a point is in a labeled subinterval. See Algorithm (7] for details.
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Algorithm 5 push

Algorithm 7 sample

Input: P,ae A, AcQ
Effect: A subinterval of label o and
length A is added to P
1: left +— P[-1].right
2: P.append(label: a, right: left + A)

Algorithm 6 check
Input: P and w
Effect: If w isin a subinterval, return its
label
1: left < 0
2: for each label, right € P do
3: if left < w < right then
4: return label
5 left < right

Note that wy.; is only specified to precision 27%. We extend the < and > com-
parisons against it to only succeed when they succeed in the worst case. It is fairly
easy to see that in the limit the total area of the partitions for each « is equal to
pu(alz). Because u is only assumed to be a semimeasure, it is possible that some of

Input: ¢,z
Require: random stream w
Output: a ~ u(-|z)

1: Let P be an empty list

2: Py 0

3: for k£ < 1 to co do

4 for a € A do

5: A < ¢o(x, k) — 1,
6: Vo < balz, k)

7: push(P,a,A)

8 check(P,wy.x)

the interval is unallocated and in this case Algorithm [7] may not halt.

F The Subjective Environment is Well-Defined

For the subjective environment o; to qualify as a true environment, it must not depend
on the strategy m;. With a bit of algebra we can show that it depends on o and 7,

for j = ¢ but not m;:

EijT, j#i o" (EEST)

ou(crlatpar) =
D

Uﬂ(ae<TaT)

T T
Z&QT, J# Htfl Uﬂ(et|ae<tat) Ht:l Uﬂ(at’%q)

- T
2887 @, i Ht 19 (et’%<tat) Ht:l Jﬂ<at|2e<t>
T o
Zaejg, i Ht:1 o(edeecrar) [T, H?Zl m;(al|ael,)

T—1 T - .
ZmQTafT, i [L- o(ed]eecar) [T, H?Zl m;(afleel,)

T . .
[Ty mi(ay|eely) Z@QT,

T T T
j#i [Iio) oledeeciar) [T, Hj;éz’ mj(agleel,)

T T 7 —
[Ti=) milatleely) 32,0 I pal, j#i Ht 1 U(et|3e<tat) IT- Hj;éi mj(aqleel,)
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Dwt g e o(edleecian) TTioy [T miaileely)

- T-1 T - -
ZQEQTG‘%“’ JF#i Ht:l 0(€t‘%<tat) thl Hg;ﬁz W](afg ‘%‘Lt>

As desired, all appearances of m; cancel.
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